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Abstr8d-Torsion problems for bonded bars composed of two semi-infinite bars bonded to each
other by an elastic adhesive layer are investigated. Stress analysis proceeds considering the stress
singularity at the corners by making use of the series ellpansion technique. and the problem is
reduced to infinite sets of systems of linear equutions. We introduce the generalized stress intensity
factor at the corner. Stress fields in the neighborhood of the corners are shown by using only this
factor. The values of the generalized stress intensity factor are obtained for the various mechanical
and geometrical properties of the semi-infinite bars and adhesive layer.

INTRODUCTION

A shart is orten constructed from difTerent bars bonded to each other by an adhesive layer.
When such a shart is subjl.'Cted to torsion. extremely high stresses are induced ut the corner
in the bonded surfuces. In such a kind of problem. the mechanic.tl behavior of the adhesive
layer is approximated by thut of u spring (Erdogan and R.ttwani. 1971 : Tsuji et a/.• 1985).
However. when the adhesive luyer is treated elastically. the stress singulurity occurs at the
corner. The problems related to this kind of singulurity have been considered by many
investigators. At first. Williams (1952) obtained the order of the stress singulurity at the
corner in extension problems. Keer and Freeman (1970) investigated the torsion of a finite
elastic cylindrical rod partially bonded to an elastic half-space by using integral transform
and Dini series. The authors treated the torsion problem of the stepped bar (Tsuji et a/.•
1982) by using a series expansion technique. Karasudhi et a/. (1984) investigated the torsion
problem of a bur partially embedded in a layered elastic half space. and obtained the stress
singularity at the corner for the torsion problem by using the method proposed by Williams
(1952).

In such problems with the stress singularity, the generalized stress intensity fuctor.
which is similar to the stress intensity factor for the crack. can be introducd at the corner.
The stress fields in the neighborhood of the corner can be represented by this factor. Only
a few investigations have been done. though this factor is important in order to consider
the distraction of an object with corners. Theocaris and Petrou (1987) obtained the order
of the singularity and this kind of factor near corners of a regular polygonal hole by using
the complex stress function. Groth (1988) calculated the generalized stress intensity factor
at the interface corners in bonded joints by using the finite element method and used it for
the prediction of failure in some single lap joints. In our previous paper (Tsuji et a/.• 1982).
we did not obtain this parameter. Moreover. it is important to consider the adhesive layer
for the problem of the stepped bar.

Therefore. we intend to investigute the generalized stress intensity factor in a torsion
problem for a bonded bar. which is composed of two semi-infinite bars bonded to each
other by an elastic adhesive layer. The stress analysis can be performed using a similar
method to the previous paper (Tsuji et a/.• 1982). In the present analysis we use Jacobi
polynomials instead of Chebyshev polynomials. and some integrals of the products of the
Bessel functions can be obtained in closed form. The relationships between the generalized
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stress intensity factor and mechanical and geometrical properties of the semi-infinite bars
and the adhesive layer are obtained.

STRESS FUNCTION

We use here the cylindrical coordinates (r, 8, =). In the case ofan axisymmetric torsional
stress field, the displacements and the stresses can be expressed by using Boussinesq's stress
function ).3(r, =) as follows:

(I)

where G is the shear modulus and ).3(r, =) is an axisymmetric harmonic function.

STRESS ANALYSIS

We consider bonded shafts as shown in Fig. l. These bonded bars are analyzed by
separating into the semi-infinite circular cylinder domains [I]. [2] and the adhesive layer
domain [3] as shown in Fig. I. and introducing continuity conditions on the z = 0 and
==h planes. In the following expression, superscripts 1, 2 and 3 respectively denote
qu.mtities corresponding to the semi-infinite bars [I], [2} and the adhesive layer [3]. Thus.
the boundary conditions arc denoted as:

r {"~=<oo)'
T = 2n J(:I r 2':I:(r.:) dr (0;>-: > - (0),

(0 ~: < h).

;= I

; = 2

; = 3

(2)

where

2 ( 0) _ {,,::<r.o)
"I: r, - 0

vJ (r, II) = vJ(r, II)

z

(0 ~, ~ r<)

(r: < r~ r~)

(0 ~, ~ r3)

('3 < , ~ (2)

(0 ~ r ~ r<)

z

(3)

(4)

(5)

(6)

Fig. I. Torsion problem of a bonded b'lr.
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~ =I. ,,= 3 when '1 < '3 < '2
e=3. ,,= I when '3 < '1 < '2·
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In the following analysis. we use the subscripts eand" to represent the two cases, I < '3 < '2

and '3 < '. < '2. respectively.
In the previous paper (Tsuji et of.. 1982), we represent the shear stress tfJ: on the

interface plane by using the Chebyshev polynomial in consideration of the stress singularity
at the corner. However, in the present analysis. we should represent the shear stress tfJ: on
the = = 0 and = = h planes by using the Jacobi polynomial Gw(p. q; x). because the Jacobi
polynomial has an orthogonal relationship with the weight function (l-x)"-q.l"'- 1 and
some integrals of products of the Bessel functions and the Jacobi polynomials can be given
in closed form. Hence. the shear stress tl/: on the = = 0 and = = h planes are represented
with respect to unknown coefficients xk as follows:

(0 ~ , ~ ,~) (7)

where K, (i = t. 2) is the order of the stress singularity. r(x) is the Gamma function and t·

is the maximum shear stress when the bar [I] is subjected to the simplc torque T:

r· = 2T/(nd).

From eqns (2). (3) and (4). x~. x~ can be obtained as:

(8)

To represent the stress fields with the unknown coefficients xk (i = 1.2), we choose the
stress function ).) in the regions [I]. [2] and [3], respectively. as follows:

e.G

).~(,.=) = A~(,2_2=2)+Ao(2=)-3,2=)+ L AmJo(~m,)e-·..(:-hl

m-I

'c,

).j(,.=) = B~(,2_2=2)+Bo(2=)-3,2=)+ L BmJo(Pm,)e"-:
m- 1

"L>

).~(,.=) = C~(,2-2=2)+Co(2=)-3,2=)+ L [C~cosh(Ym=)+C,;,cosh {Ym(=-h)})Jo(Ym')
m-I

(9)

where Jw(:c) is the first kind of Bessel function of order n and Au. A~. Am. ~m. etc.
are unknown coefficients which will be dctermined by the boundary conditions (2)-(6).
Substituting these functions into eqn (t). displacement and stresses are given for each
region. Using the boundary conditions (2), ~m. Pm and Ym are obtained as the positive roots
of the following equation:
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(10)

Using the orthogonal relationship for the Bessel functions and the boundary conditions (3)
and (4). All. Bo• Co. Am. B", and C:" can be represented by xt in eqn (7) as follows:

I 2 G) . f .1 I (r~)C,,;'1m* smh (y",h) = t... '\11.1".", -
t It-o'J

(I I)

where iLt/U) is the integral of the product of the Bessel function and the Jacobi polynomi..lI.
and coin be obtained in closed form as follows:

( 12)

Substituting eqn (II) into eqns (9) and using eqn (I), the displacement and the stresses for
ci.lch region are represented by x~ as:

[lJ (h ~: < ee)

I (T.)JIe.m ....::;.
c;G I f rG I r: ~ I ~ , I _ ~ (. _ h,
--.. = -2A o-. + -2 - L. XIt L. ---- Jl(x",r)e ....
, t t , 1t , I Jc _ 0 '" _ I ct./n'l

(13)



[2] ( - 00 < =~ 0)
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[3] (0 ~ =~ h)

(14)

_ ~ ~ z ~ Jl.m(l) cosh {Ym(:-h)} J (" )
~ Xk L. . h hi'...'GJ k_O ... _1 }....'. Sin (Ym )

t1 ~ Ii-I (,:) cosh (Ym:) ~ z ~ z cosh {Ym(:-h)}-. = - L. Xk L. J k.m -- ---:---h(--"l) JZ(Ym') + ~ Xk L. Jk.m(l) . h( ') Jz(}·...,)
t k-O m_1 r.l Sin Ym" k-O ... _1 Sin 1..."

~ • ~. sinh {y...(:-h)}
- ~ Xi ~ Ji....(I) . h ( h) J1(y...r). (15)

k-O ... _1 Sin Y/O,

Using the remaining boundary conditions (5) and (6), the equations with the unknown
coefficients {xH are given as:
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Equations (16) and (17) have the singularities (r:-r) 1-0;, and (rJ-r)l-"l respectively.
Thus, by considering these singularities, we multiply

and

by eqns (16) and (17). and integrate r = 0 to r: and r = 0 to rJ respectively. where we use
G~(3-k,.2; r 1frl) instead of G~(2-ki.2;r~/rl). because the convergence of A~~ is faster.
The following sets of algebraic equations with respect to {x~} are given:

(n=O.I.2....) (18)

where

(n=O.I,2•...) (19)

x.

A:Jc•
1 = -" ("'.)-J+~.£111 (1)1 (",.)

n ~ ....m ~ '" Ie,/n 3-11:1+ 2n ....m
m-I

£ I = cosh ('Ymh ) £1 = I
m sinh (Ymh) , m sinh (Ymh) .

Consequently. the prescnt problem is reduced to eqns (18) and (19).

STRESS SINGULARITY

We introduce the generalized stress intensity factor K; at the corners. This factor is
similar to the stress intensity factor for a crack and can be defined as:
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Ki ... lim p7'(T~:) ... 0 (i ... 1.2)
Pi-O I
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(20)

where (Pi. <M denotes polar coordinates as shown in Fig. I. By substitution of eqn (7) into
eqn (20), Ki is obtained with {.l"k} as follows:

(2l)

In the neighborhood of the corners. in order to represent the shear stresses f,.jl and Ts: in
separating the singular terms. we expand J~....(I} J" (aa",r I) by the first terms ofthe asymptotic
expansion as follows for large In :

(
I - 2K;) ( I + 2n )x cos la",', - -4- 11: cos aa.",', - -4- 11: •

Substituting eqn (22) into eqns (13)-( 15) and using the following formulae:

(22)

I.

lim L J~.",(/)Jn(aa""I)e-I>:t~'1
a-I tn-I

shear stresses Tt6 and To: can be written by separating the singular terms as follows:

[I] (II :!iO; : < co)

r!o
sin {Kl(~ ~,)}

K, (PIYKI when " <,) < '2_.= cos (1I:Kd2)
T- f-rjl '1

cos {KI(1I:-~I)}
when ,) < '1 < '2cos (1I:KI)

Ttl:

cos {Kl(i -~l)}
K 1 (PirKl when " < ,) < '2-= cos (xK,/2) (24)

f· r·rjl '1
sin {KI(X-~I)}

when ,) < " <'1COS(XK,)
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[2] ( - 00 < =~ 0)
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(25)

cos {"I (It-<PI)}
cos (It" I)

cos (7t" 112)

sin {,,~(~ +<P~)} K~ P2 -k,

cos (1t"2/2) t·rj' (;:;-)

sin {" 1(It - <P I)}
sin (7t"I)

cos (1t"1/2)

cos {"2(~ +<P2)} K2 P2 -',

+ cos (n"2/2) t.rj,(;~)·

when rl < r) < r2

when r.l < rl < r2

(26)

Hence. the stress fields in the neighborhood of the corners are obtained by the gener­
alized stress intensity factor K,. By using the relationship between the shear stress trlJ and
the displacement Vo as:

eqns (5) and (6) are rewritten as follows:

t~ t~ )- = - (z = O. <P2 = O. 0 ~ r ~ r) .
G2 G)

(27)

Substituting eqns (24)-(26) into eqn (27). the following equations with respect to the order
of the singularity "I are obtained:

I
cos (It",> = --c;..

I+~
G~

(28)



Stress singularity in torsion problem for bonded bars 1067

The order of the stress singularity Ki is related to the shear moduli G, (i = 1.2.3) only. and
eqn (28) is the same as the one obtained by Keer and Freeman (1970) for a bar bonded to
a half space and Karasudhi et al. (1984) by using Williams' method (1952).

NUMERICAL RESULTS

In order to obtain accurate values of the generalized stress intensity factor K" we
should investigate the convergence of the infinite series in eqn (21) with respect to ;tk and
get accurate values of A~~ in eqns (18) and (19) in order to get Xk accurately. In the previous
paper. we could obtain the values of the coefficients as A~) by truncating the infinite series.
because we did not calculate any value of the generalized stress intensity factor. But, in the
present investigation. we must get accurate values of A~~ to obtain the accurate generalized
stress intensity factor. Thus. by using the asymptotic expansion as shown in the Appendix.
we calculate the remaining values of A~l and A;:l in closed form. These coefficients are
exact in five-digits with 1000 terms. The values of A~.1 and A;j,1 can be obtained very
accurately by truncating at the number 200. because there are terms of I/sinh (Y",h) in these
series. Consequently we can get accurate values of A~~ with the compact numerical cal­
culations. In Fig. 2. we show the relationship between the values of Kj (for r2/rl = 2.0.
rJ/r, = 1.2. G2/G 1= 1.0. GJ/G 1 =0.5) and the reciprocal of truncated number L in the
infinite series in eqn (21). With decreasing h. the convergence of K2 is slow. although. in
this case. the error of K 2 is not important. because the value of K 2 is smaller than the one
of K, and decreases with decreasing h. Moreover. the case when h/r, < 0.05 and rJ < r l is
the one with the worst convergence of K 2• When rJ is bigger than rl. both of the series for
K, and K2 converge ..s well as K, in Fig. 2. From Fig. 2. it is shown th.. t we can get

0.2j

hIr,-o.1
KI 0.1

'-- 0.05

hI',-II.1
Kz '" J

0.1

vJ f\ J \ 70.05

V V

0.3

......
li"..
..... 0.2
~
~-

0.1

O.Oj

o 0.01 0.02 0.03
III

0.04

Fig. 2. The convergence of the generalized stress singularity K,.

----- -- ----~Z

Fig. 3. Constant t", lines (hir, = 0.2. rJr, = 2.0. rJlr, = I.:!. GJG, = 1.0. GJ/G, = 0.5).
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Fig. 4. Constant Til: lines (hi', = 0.2, ':1', :: 2.0. '~/'1 :: 1.2. GJG. = 1.0. GlIG. = 0.5).
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Fig. 5. Constant K. lines (G:/G. = 1.0, Gl/G I -= 0.5. ':/'. = 2.0).
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Fig. 6. Conslant K:lines (GJG. = 1.0. Gl/G, = 0.5. ':/" = 2.0).
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KI/(r-r1"1)

ICa =0.441 ICa =0.186
O.SI.lLI.LI

!
o••

j
0.1 .... t·

0.0
0.5

t.:'
" 0.3

..c 0.2

Fig. 7. Constant K, lines (G:/G, =0 1.0. GJ/G, =0 5. ,:f" =0 2.0).

satisfactorily accurate values for Kj by truncating at the number L = 50. Accordingly, in
the following calculations, we use the number L = 50.

Figures 3 and 4 show the constant stress lines ofshear stresses To: and TrlI (for h/, 1 = 0.2,
'2/'1 = 2.0. ']/'1 = 1.2. G2/G, = 1.0, Gl/G I = 0.5). Since the shear modulus is discontinuous
at the;: = 0 and h planes. Trl' is discontinuous at these planes. Stresses are concentrated at
the corners. The values of stresses in the neighborhood of;: = h. , = " are bigger than the
ones at ;: = O. , = '2'

In order to investigate the relationship between these stress concentrations and the
geometry of the adhesive layer. we show the generalized stress intensity factor K, denoted
in eqn (20) in Figs 5--8. Figures 5 and 6 show the relationship between K,. hand 'J with
(;2/G, = 1.0. GJIG, =0.5 and '2/" = 2.0. When '.\ is sm.t1ler than" and II -+ O. the problem
tends to the crack problem. Sinee the order of the stress singularity for the eraek is 1/2 and
this order is bigger than the one for the corner. K, increases to infinity with deere.tsing h.
In Fig. 5, when '.\ is bigger than 'I. K, decreases to :lero with decreasing h. because the
order of the singularity is 1/3 with h =0 and smaller than 0.392. In Fig. 6. when'J is bigger
than 'I. K2 decreases to zero with decreasing h. because this corner is a free surface with
h =O. Figures 7 and 8 show the relationship between K i • hand " with GJ/G, = 5.0.
G2/G, = 1.0 and '2/" = 2.0. In Fig. 7, when 'J is bigger than 'Io KI increases to infinity
with decreasing h. because the order of the singularity is 1/3 with II = 0 and bigger than
0.186.

......"I...

~ / (r"r Ilea)
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I
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Fig. 8. Constant K: lines (GJG, =0 1.0. G,/G, =0 5. ':/" =0 2.0),

SAS 27: 8-1
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Table I. The thickness of the adhesive layer which reduces K•.

Table I shows the choices of the thickness of the adhesive layer h which make stress
fields in the neighborhood of the comers smaller. When " < 'J < '2 and G, = G2 < GJ •

we cannot select the thickness of the adhesive layer. because there is a conflict in the behavior
of K, and K~ with respect to h. Therefore. we should choose the appropriate thickness by
considering the values of K 1 and K2•

CONCLUSIONS

The generalized stress intensity factor at the comers of a bonded bar under torsion
was obtained. The analysis was performed by making use of the series expansion technique
with consideration of the stress singularity at the comers. The generalized stress intensity
factor was introduced at the corners. and the stress fields in the neighborhood of the corners
were shown by this factor. By these results. the stress singularities at each corner were
obtained. By numerical calculation. values of the generalized stress intensity factor at the
corners were obtained for the various mechanical and geometrical properties of the bars
and the adhesive layer. and these results were shown graphically. From these figures. it was
shown how to choose the thickness of the adhesive layer.
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APPENDIX

Asymptotic e)(pansion for large",:

J.(s:z,:)J.(sx':) 1.(. ~ J [{a-b-modU/2) }
(x':) -, -. -i 0-"---'::::; L, L, 1(, +m)It}'H cos ------It

J,(:z~) -._0/_0 2

{
lr-a-b-I+2j-mod(if2) }] 1

+cos 2smlt+ 2 It C,(a.b,s,r)

where

C~(CI. h. .v.r) = I. C ~(a:h, s, r) = O.

C~(a.h ..r.r) = 2..(15.<2 -4h: + I), C:(a.h,s.r) = C~(b.a.s.r).
8.v

C~(a.b ..r.r) = _1_. 1-225.•' + 2.r2(3001 + 30h1 +6Or+ 77) -8(a' +h') +20(a2 +b1) -9}
. 64.• '

(AI)
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q(a.b.s. r) s --!..., [215s" +30s:: -1(a: +h:) + I} -16(ab): -4(a:+b:) + I)
64s'

C~Ca.b.s. r) ,.. 76~sj [-3375s· + 135s" (lO(a: +b:) +10r+ 33}

+45s: [-4(a"+b")-4(1b: +5+4r)u:+ 11b: +4r+3:

+ 16a·-I~a'+1a:(14"'-60b: + 143)+3C -4b'+ lOb: -11))

ClCa,b.s.r) '" nCb.a.s,r) ....
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The summation of the right hand ofeqn (A I) with m '" M to infinity can be obtained in closed form by using the
following formulae:

r W-I

L (x+m)-' '" '(r.x)- L (x+m)-'
~_u ~_I

~ K••.lt,-I {( :<:+k) K,-I (.~+k )-'}L Cx+m)-'cos(:!smlt+x) '" L. M,-' cos (1sk7t+x) , r'T - L M +m
",.W '.A:., j, ",-I ,

where J/.. 1'" and h, are the integer values which are given by the following equations:

(A1)

(A3)

N,. (M)
s '" M.' 1\" = mod M, .

'Cr. x) is the gener.. lized zet.. function dclined ..s follows:

1\• . (M)
I = tnt M, .

.
'(r.x) = r (x+k),.,

Accordingly. summillion of the left hilOd side of elln CA I) CilO !lc ohtaincd in clllscd form ..s follows:

I ' I [{ M·'
+.., Lit' 'r 'Cr+d)- L d+m)

-._0 I-I) ",-1

(
3.~-tl-"-1 +2j -11I01.1 (i/2) )J

xcos 2~klt+ -----·-·T---~-It C:(tI."•.~,r+I).

In Tablc A I, thc valucs of elln C"4) arc listed for various valuc..'S of u, h, s, r ..nd l.1 with I = 5.

Table A I. The convergence of infinite series.

(M)

M
a b s r 100 200 500 1000 Conven!ed
10 10 1.0 3.3 0.74031.-03 0.74031.-03 0.74031.-03 0.74031.-03 0.74031.-03
10 20 1.0 3.3 0.11418.-05 0.11418.-05 0.11418e-05 0.11418e-05 0.11418.-05
10 40 1.0 3.3 0.88299.-08 0.98284e-08 0.98293e-08 0.98293e-08 0.98293.-08
10 80 1.0 3.3 -0.71744.-05 -0.11054.-07 0.98300.-10 0.9942ge-10 0.99430.-10
20 20 1.0 3.3 0.14913.-03 0.14913e-03 0.14913.-03 0.14913.-03 0.14 913.-03
20 40 1.0 3.3 -0.40925.-07 -0.46724e-07 -0.4672ge-07 -0.4612ge-07 -0. 4672ge-07
20 80 1.0 3.3 0.30020.-04 0.4653ge-07 -0.40886.-09 -0.41363.-09 -0.41363.-09
40 40 1.0 3.3 0.30462.-04 0.30231e-04 0.30230e-04 0.30230.-04 0.30230.-04
40 80 1.0 3.3 O. 14 968.-03 0.25193.-06 -0. 18960e-08 -0.19232.-08 -0.19232.-08
80 80 1.0 3.3 0.30382.-02 0.13408e-04 0.61374e-05 0.61363e-05 0.61 363e-05


